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Solution 1 (Di�erential Inverse Kinematics)

1. Calculating the Jacobian

The function for the position of the end-e�ector is given by

f(q) =

 −500 sin(θ2) cos(θ3)− 500 cos(θ2) sin(θ3)− 500 sin(θ2)
500 cos(θ2) cos(θ3)− 500 sin(θ2) sin(θ3) + 100 + 500 cos(θ2)

d1


The Jacobian is given by

J(q) =
∂f

∂q
=

(
∂f
∂d1

∂f
∂θ2

∂f
∂θ3

)
=

0 −500 cos(θ2 + θ3)− 500 cos(θ2) −500 cos(θ2 + θ3)
0 −500 sin(θ2 + θ3)− 500 sin(θ2) −500 sin(θ2 + θ3)
1 0 0


Inverting the Jacobian results in

J−1(q) =

 0 0 1

− 1
500

sin(θ2+θ3)
sin(θ3)

1
500

cos(θ2+θ3)
sin(θ3)

0
1

500
sin(θ2+θ3)+sin(θ2)

sin(θ3)
1

500
− cos(θ2+θ3)−cos(θ2)

sin(θ3)
0


2. Joint angular velocities

q̇ = J−1(q) ẋ

q̇ = J−1

((
1, 0,

π

2

)⊤
)
· (1000, 0, 0)⊤ =

 0 0 1
− 1

500
0 0

1
500

− 1
500

0

 ·

1000
0
0

 =

 0
−2
2



http://h2t.anthropomatik.kit.edu
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3. Singularities

For quadratic matrices, singularities can be determined by setting the determinate to
zero. In this case the matrix looses its full rank.

det J(q) = 5002 · sin θ3 = 0

The Jacobian is singular for θ3 = 0◦, 180◦. For this joint positions the inverse matrix
does not exist any more.
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Solution 2 (Lagrangian dynamic modeling)

For our robot we assume the following simpli�cations:

� m1 and m2 are de�nded as point masses in the middle of the respective segments,

� the system is frictionless,

� the robot is installed at a height of h = 0.

The equation of motion can be determined with the Lagrangian method according to the
following equation:

τ =
d

dt

(
∂L

∂q̇

)
− ∂L

∂q

with the Lagrangian function:
L = Ekin − Epot.

1. Kinetic energy for s1 and s2

For s1, the following kinetic energy results form the translational velocity ḋ

Ekin,1 =
1

2
m1ḋ

2.

For s2, the following kinetic energy results from the velocities (ẋ2, ẏ2) and θ̇:

Ekin,2 =
1

2
m2v

2
2 +

1

2
Jω2 =

1

2
m2

(
ẋ2
2 + ẏ22

)
+

1

2
Jθ̇2. (1)

The velocities ẋ2 and ẏ2 result from the temporal derivative of x2 and y2:

ẋ2 = ḋ+
1

2
l2θ̇ sin(θ),

ẏ2 = −1

2
l2θ̇ cos(θ).

For a rod with negligible radius, the moment of inertia with respect to the center of
mass is as follows:

J =
1

12
m2l

2
2

Placed in Equation 1, this results in the kinetic energy for segment s2:

Ekin,2 =
1

2
m2ḋ

2 +
1

6
m2l

2
2θ̇

2 +
1

2
m2l2ḋθ̇ sin(θ).
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2. Potential energy for s1 and s2

For the general case, where the origin of the robot is at a height of h > 0 , the potential
energy with the gravitational vector g for s1 can be described as follows:

Epot,1 = m1gh.

Respectively for s2

Epot,2 = m2g

(
h− 1

2
l2 sin(θ)

)
.

From h = 0 follows:

Epot,1 = 0

Epot,2 = −1

2
m2gl2 sin(θ).

3. Lagrange-function and their derivative

The Lagrangian function is set up from the kinetic and potential energy for s1 and s2
according to the following rule:

L = Ekin,1 + Ekin,2 − Epot,1 − Epot,2.

L is given using the previous results:

L =
1

2
(m1 +m2)ḋ

2 +
1

6
m2l

2
2θ̇

2 +
1

2
m2l2ḋθ̇ sin(θ) +

1

2
m2gl2 sin(θ).

The equations of motion consist of the two components τ1 and τ2, for the determination of
which the following derivatives need to be computed:

d

dt

∂L

∂ḋ
,

∂L

∂d
,

d

dt

∂L

∂θ̇
,

∂L

∂θ
.

The derivatives of L for the translational joint with the control signal d are de�ned as follows:

∂L

∂ḋ
= (m1 +m2)ḋ+

1

2
m2l2θ̇ sin(θ)

d

dt

∂L

∂ḋ
= (m1 +m2)d̈+

1

2
m2l2(θ̈ sin(θ) + θ̇2 cos(θ))

∂L

∂d
= 0.
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The derivatives of L for the rotational joint with the control signal θ are de�ned as follows:

∂L

∂θ̇
=

1

3
m2l

2
2θ̇ +

1

2
m2l2ḋ sin(θ)

d

dt

∂L

∂θ̇
=

1

3
m2l

2
2θ̈ +

1

2
m2l2(d̈ sin(θ) + ḋθ̇ cos(θ))

∂L

∂θ
=

1

2
m2l2ḋθ̇ cos(θ) +

1

2
m2l2g cos(θ).

Therefrom result τ1 and τ2:

τ1 =
d

dt

∂L

∂ḋ
− ∂L

∂d

= (m1 +m2)d̈+
1

2
m2l2 sin(θ)θ̈ +

1

2
m2l2 cos(θ)θ̇

2 − 0

τ2 =
d

dt

∂L

∂θ̇
− ∂L

∂θ

=
1

3
m2l

2
2θ̈ +

1

2
m2l2d̈ sin(θ) +

1

2
m2l2ḋθ̇ cos(θ)−

(
1

2
m2l2ḋθ̇ cos(θ) +

1

2
m2l2g cos(θ)

)
=

1

3
m2l

2
2θ̈ +

1

2
m2l2 sin(θ)d̈−

1

2
m2l2g cos(θ).

The general form of the equation of motion, neglecting friction, is as follows:

τ = M(q)q̈+ c(q̇,q) + g(q)

The mass-inertia matrix M is obtained by collecting all terms that depend on q̈. The vector
c (centripetal and Coriolis components) collects all terms that depend on both q̇ and q. The
vector g collects all terms containing gravitational components.

Thus, the equation of motion can be described as follows:

τ =

(
τ1
τ2

)
=

(
m1 +m2

1
2
m2l2 sin(θ)

1
2
m2l2 sin(θ)

1
3
m2l

2
2

)(
d̈

θ̈

)
+

(
1
2
m2l2θ̇

2 · cos(θ)
0

)
+

(
0

−1
2
m2l2g · cos(θ)

)
.

Note: The generalized forces τ1 and τ2 have di�erent units. τ1 is a force (unit: Newton),
while τ2 is a torque (unit: Newton-meter).
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Solution 3 (Python Introduction)

You can �nd a solution to solve the exercises in the jupyter notebook provided in the git
repository.


