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Solution 1 (Differential Inverse Kinematics)

1. Calculating the Jacobian

The function for the position of the end-effector is given by

—500sin(6,) cos(f3) — 500 cos(b) sin(f5) — 500 sin(hz)
f(q) = | 500 cos(6,) cos(f3) — 500 sin(fs) sin(fs) + 100 + 500 cos(fz)
dy

The Jacobian is given by

0 —500 COS(QQ + 03) — 500 COS(QQ) —500 COS(QQ + ‘93)

of . . .
J(q) = 9 (% 88—92 %) = |0 —500sin(fy + 03) — 500sin(fz) —500sin(fy + 03)
4 1 0 0
Inverting the Jacobian results in
0 0 1
_ 1 sin(f2+63) 1 cos(62+03)
J 1(q) = _% sin?@g)g 500 sin?93)3 0
1 sin(@2403)+sin(f2) 1 —cos(f2+63)—cos(f2) 0
500 sin(63) 500 sin(63)
2. Joint angular velocities
q=J""(q)x
T 0 0 1 1000 0
—1 T 1
qa=J ((1,0,—) )-(1000,0,0) — (- o0 o 0 |=[-2
= —= 0 0 2
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3. Singularities

For quadratic matrices, singularities can be determined by setting the determinate to
zero. In this case the matrix looses its full rank.

det J(q) = 5007 - sinf3 = 0

The Jacobian is singular for 63 = 0°,180°. For this joint positions the inverse matrix
does not exist any more.
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Solution 2 (Lagrangian dynamic modeling)

For our robot we assume the following simplifications:

e m; and msy are definded as point masses in the middle of the respective segments,
e the system is frictionless,

e the robot is installed at a height of h = 0.

The equation of motion can be determined with the Lagrangian method according to the

following equation:
__d(ory oL
Cdt \ 0q dq

L= Ekzn - Epot'

with the Lagrangian function:

1. Kinetic energy for s; and s,

For sy, the following kinetic energy results form the translational velocity d

1 .
Ekm,l = §m1d2.

For sy, the following kinetic energy results from the velocities (i3, j2) and 6:

1 1 1 1.
Eina = =mavs + s Jw® = —my (i3 + 93) + 5 J6°. (1)
’ 2 2 2 2
The velocities @5 and g5 result from the temporal derivative of x5 and ys:

. 1 .
fz = d+§lz¢981n(9),

1 .
@)2 = —5129COS(9).

For a rod with negligible radius, the moment of inertia with respect to the center of
mass is as follows:

1
J = Emglg

Placed in Equation 1, this results in the kinetic energy for segment ss:

1 . 1 . 1 ..
Elina = Emzdz + 6%1502 + §m212d9 sin(6).
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2. Potential energy for s; and s

For the general case, where the origin of the robot is at a height of h > 0, the potential
energy with the gravitational vector g for s; can be described as follows:

Epot,l = mlgh

Respectively for sy

1
Epot,2 = Mag (h — 5[2 Sln(e)) .
From h = 0 follows:

Epot,l =0

1 .
Epot,2 = —§m2gl281n(9).

3. Lagrange-function and their derivative

The Lagrangian function is set up from the kinetic and potential energy for s; and s,
according to the following rule:

L= Ekin,l + Ekin,Q - Epot,l - Epot,Q-
L is given using the previous results:

1 . 1 . 1 .. 1
L= 5(ml + mg)d* + 67@1592 + §m212d9 sin(6) + imgglg sin(#).

The equations of motion consist of the two components 7 and 7, for the determination of
which the following derivatives need to be computed:

doL oL oL oL
dt od° od’ dtop’  00°

The derivatives of L for the translational joint with the control signal d are defined as follows:

oL T
i (my +ms)d + §m2l29 sin(6)

d oL i1 7 :

a% = (ml —I— mg)d + §m2l2(9 Sln(e) + 02 COS(Q))
oL

a0 ~ v
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The derivatives of L for the rotational joint with the control signal 6 are defined as follows:

oL 1 -1 5
% = gmglge + §m2l2d sin(6)
d OL I oy 1 7 10
i gmgl2H + Emglg(d sin(0) + df cos(0))
oL 1 .. 1
5 = §m2l2d9 cos(0) + §m2529 cos(6).

Therefrom result 71 and 7o:

_don o
"7 dtod  od
| | :

= (my+mo)d+ §m2l2 sin(0)6 + §m2l2 cos(0)6* — 0

_aon o
"7 dtog o0

1 o, 1 . 1 iy 1 . 1
= §m2l29 + §m2l2d sin(6) + §m2l2d9 cos(f) — Emglgdﬁ cos(f) + §m2lgg cos(6)

= gmzlge + §m2l2 Slﬂ(&)d — 57712[29 COS(G).

The general form of the equation of motion, neglecting friction, is as follows:
T = M(q)§ + c(q,q) + g(q)

The mass-inertia matrix M is obtained by collecting all terms that depend on . The vector
c (centripetal and Coriolis components) collects all terms that depend on both § and q. The
vector g collects all terms containing gravitational components.

Thus, the equation of motion can be described as follows:

o () _ mi + mo %mglgsin(e) d . %m2l292-cos(9) . 0
" \n)  \imalysin(f) smol3 0 0 —2malag - cos(0) )

Note: The generalized forces 77 and 75 have different units. 7, is a force (unit: Newton),
while 75 is a torque (unit: Newton-meter).
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Solution 3 (Python Introduction)

You can find a solution to solve the exercises in the jupyter notebook provided in the git
repository.



